10.

11.

12.

13.

Indices, Logarithms and Surds

1 1 1 1

Prove that —+

a-b a—c c-a c-b
X

+ b—c
+X 1+X7" +X

1 1
Giventhat x2+x 2=3 , find the values of :

3 3
(@ x*+x? (b) x2+x 2

If 7°""3=1 | find the possible values of n which satisfy the given equation.

Find the values of x in each of the following equations :
(@ 9" —4x3"+27=0
(b) 47" +3x2"-64=0

X y _
Solve the equations : 22 +3 ) 41
2% +3¥° =209
1ot 11 11 1
Simplify (x2y 4 +2x 2y* = 2)(x + 2x2y* + 2y?)
x? + 4y

= +
1+ X%+ x°" 14+ x*P 14 x"?

Yue Kwok Choy

Find two real values of k for which the equation log; |x2 +2kx]| =0 has a double root.

xv/x

Xlogx

Solve the equation : =10"

The quadratic equation 2x?loga+ (2x—1)logb=0, where a and b are positive constants, has

non-zero equal roots. Express b intermsof a.
Let log,ab=1log, x+log,x and ab=1. Showthat log,alog,b=1.

Giventhat log,,3=a , express Iogﬁ8 interms of a.

If y=a+bx" issatified by the values :

X 1 2 4
y 7 10 15

shown that n= Iogz(a and deduce the valuesof a and b.

Let log,c+log,c=0 . Showthat abc+1=ab+c



14.

15.

16.

17.

18.

19.

20.

21.

22.

1

From the definition of a logarithm, prove that log, x = I .
0g, a

Hence, or otherwise, solve the equation : log, 8+ logy x = % .

-y log,c—log,a

If logan=x and log.n=y where n=1,prove that :
x+y log,c+log,a

Verify this result, without using calculators , when a=4,b=2,¢=8 and n=4096.

Prove from the definition of a logarithm that :
1 N 1
log, (ab) * log, (ab)

(b) logablog,clog.a=1, anddeduce the value of logs 32 log, 7 logss 125 .

(@)

o
&

If x= ,find the value of 8x — x2.

o
&

Express with rational denominators :
1
@ —=——F—7

Bz s
1

(b) \/§+\/§+1

Giventhat log, (x—-5y+4)=0 and log,(x+1)=1+2log,y, findthevaluesof x and vy.

2
Giventhat loggx=p and Iog[sy=q , express xy and X7 as powers of 3.

3 2 3
Find the value of a+2ab+b when 2-y2-1.
ab(a +3b) b

If ab,x,y and 2z arenumbersgreaterthan 1 and a‘=b’=(ab)*, show that

X |~
< |+
N | =



b+c

X

1+Xa—b+xa—c Xb+c+xc+a +Xa+b
b+c c+a a+b
X X X
LH.S. = b+c b+cy,a-b b+c,,a—c c+a c+a,, b—c c+a,, b-a a+b a+b,,c-a a+b,,c-b
X774+ XTTXTT+XTX X7 4HXTXT T+ XX X7 4HXTXTT 4+ XX
B Xb+c Xc+a Xa+b B Xb+c +Xc+a +Xa+b 1
- Xb+c+xc+a +Xa+b + X8 +Xa+b+xb+c +Xc+a +Xa+b +Xb+c _Xb+c+xc+a+xa+b -
1 1 X" x? X +x"
RHS. = ——+—— %X _, X 2 *% 4 ~ LHS.=RHS.
1+x 1+x X° + X X" +XxX" X" +X
1 1
@ x?+x2=3 N ()
(1), x+2+x'=9 |,  x+x'=7 N ()
), X2+ 2+x%2=49 X% +x2=47 . (3)
ERE B A A A T
(b) X2+x2=|x2| +|x2| =|x2+x 2 |x-1+x")=3(7-1)=18
2 2
7 = =773 =7" =2n°-n-3=0 = (n+1)2n-3)=0
3
n=-1, >
2

@ 9 -4x31427=0=3f-12(3)+27=0= [ -3][p* ~9]=0=3 =3 or
x=1 o 2
(b) 4 43x2"—64=0=2"2+6x2"~64=0 = (2*f +24x2* ~256=0

=[-8 [2r +32]=0= 20 =8=2°,  2*+32=0 is rejected.

x=3.
X y _ =41 =32 X _ 95 =5
Put u=2" V=3, 2°+3 =41 N u+v N u - 2*=2 - X
2% 4 3972 =209 4u +9v =209 v=9 ¥ =32 y=2
1 1 11 1 1 1
2y 4 T2y4 _ 2y4 2 1 1
g (XY fr2xy 22)§x+2xy 2y Let u=x2, v=y*, sothat u’=x, Vv'=y.
x? + 4y
E= (U™ +2u™v—2)(u? +2uv +2v?)  (u? +2v? —2uv)(u® +2uv +2v?)  (u? +2v%)? —(2uv)?
u® +4v* uv(u4 + 4v4) uv(u4 + 4v4)
utavt 1
= =—=X y
wlu® +4v*)  uv
logy )2 +2kx|=0 = |[*+2kx|=10°=1 = x*+2kx=41 = X +2kx+1=0
= xX*+2kx+1=0 or X2+ 2kx=1=0

Since the given equation has double roots = A; = (2K)*=4(1)(1) =0 or A, =(2k)*-4(1)(-1)=0
= k=41 (A;=4k*+4=0 hasno solution)



10.

11.

12.

13.

3 3
X:)/;=1O’1 —x2 10 = logx?2 " :{E—Iogx]logx=—1 = (logx )’ —Elogx—1=0
X 09X 2 2
= 2(logx)* —3logx—2=0 = (2logx +1)logx —2)=0 :Iogx:—% or logx =2
1 1
= x=102 or 10? = X=—=— or 100
J10

2x%loga+(2x-1)logh=0 or 2x*loga+2xlogh—logh=0 has non-zero equal roots.
A=0 and 2logh=0

(2log b)* — 4 (2log a) (-log b) = 0 = 4logb(logh+2loga)=0
Since logh=0, .. logb+2loga=0 = logha’=0 = ba’=1 = b=a’
log,ab=log,a+log, b . Let u=log,a, v=Ilog,b .
Then Iogxabzlogax+logbx:u+v:1+£:>u+v:uz>(uv—1)(u+v):0
u v uv
=u+v=0 or uv=1

If u+v=0,then log,a+log,b=0, log,ab=0 and ab=1. This contradictstoab = 1.
uv=1
log, alog, b=1.

log ;8= log,,8  log;,2° 3 (Iog12 2] _ 6( log,, 2} _ 3( log,, 2° J _ 3( log, (12/3)]

log,, v/3 "~ log,,3"2 T2 log,, 3 log,,3 log,, 3 log,, 3
:S[Ioglzlz— IongSJZB(l—a]
log;, 3 a

7=a+b .. (U, 10=a+b22") ... @ , 15=a+b@d") ... (3
@) -(1), 3=b@"-1) )
(3)-(2), 5=b@" -2"=b2"(2"-1) ... (4)

5
=2" SLoon= Iogz(gj

From(3), 3= Db(5/3-1) S b=45
From (1), a=25

(4)@Q),

w|o

logc N logc _0m Iogc(log a+log b)=0j Iogc(log ab)

log,c+log,c=0 =

loga logh log alog b log alog b
=logc=0 or log ab=0 =c=1or ab=1.
If c=1, LH.S.=ab+c=R.H.S.

If ab=1, LHS.=c+1=R.H.S.
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14. y=|OgaX —=a¥=x 33.=X; :Iogxa=£ =y 1
y

log,a

log, 8+ log, x :% = +Iogsx:%:6(log8 x)* —13(log, x)+6 =0

log, X

3 2 3 2
= (2logg x —3)(3logg x —2)=0 :Ioggx:géjx:Sz,S?’ :x:(zsﬁ,(ZSF

— X =16+/2,4

log,n log,n
x—y_Iogan—Iogcn_Iogba_@_logbc—logba
x+y log,n+log.n log,n  log,n " log,c+log,a
log,a log,c

15.

x—-y _ log, 4096 —log, 4096 _ log, 4° —log,8* _6log, 4—4logs8 6-4 1
x+y log, 4096 + log, 4096 log, 4° +log,8* 6log,4+4log,8 6+4 5

log, c—log,a _log,8-log, 4 _ log, 2° —log, 2° _ 3log,2-2log,2 3-2 1

= = = = == . Result follows.
log,c+log,a log,8+log,4 log,2°+log,2° 3log,2+2log,2 3+2 5

16. (a) Let x=log,(ab), y=log,(ab). Therefore a*=ab, b'=ab.

1 1 1 1 11
a = (ab)x ,b=(ab)y =ab=(ab)x(ab)y = (ab)x'y = %-f-% =1 . Result follows.
(b) x=logsb, y=logyc z=log.a = a‘=b, b=c, c=a
Hence a¥*=b"=c¢c’=a = xyz=1 Result follows.

logs 32 l0gs 7 1094 125 = logs 2° log, 7 logus 5° = (5logs 2) (Iogs 7) (310g4s 5)

15 15
=15 (logs 2) (logs 7) (loges 5) =109 2* [log, 7* 1og.s 5)= = (1og 4o, 49)log, 5)

I
ISt
Nlw

_ 53 B3] 5-2f5+3 8215,

HXE e (BevalsE) 5-3 2 '
(x-4)>=15 x*—8x+16 =15, so8x-x=1.
18. (a) 1 _ «/§+\/§+«/§ _ 3+x/§+«/§:«/§+«/§+\/§
' V245 [3+2-BJ3+v2+45) (ﬁ+ﬁ)2—5 2V6
_V6(V3++2 ++5)
12
=3ﬁ+2\/§+@

12




1+4/2-43 _1+\/§—\/§_1+\/§—\/§

1 —
®) J3+42+1 (1+x/§+\/§x1+\/§—\/§)_ (1+J§)2—3_

_2[++2-43)
4

232

_2+42-46
4
19. log, (x—5y+4)=0 =x-5y+4=2"=1 X=5y-3 (1)
log, (x +1)=1+2log, y = log, (x + 1) = logz2 + log, y* = log, 2y* = x + 1 =2y° (2)
(I(2), By—3+1=2y 2y By +2=0 :y—%Z @)
11
@), (x,y){—ﬁj or (7.2)
20. loggx=p = x=9°=3%
log;y=0 = y=+3" =37
xy = 3392 X 32[;2 3"
H y 3q
a®+ 2a%h + b’ (j " (b) V2-1f 1202 -1f +1 (V2-1f3-242)+ 23— 242)+1
21. - +1_
ab(a +3b) { j } ( -1)v2 -1)+3] B-2v2)+3lV2 -1
_5V2-746-4J2+41_2 _ 4
V2 2 =
22, a=p'=(ab = a= (ab)* and b=(ah)’
Multiply, we have, ab:(ab);(ab);=(ab)§*§:>£+£=l N W
Xy Xy z



